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The boundary element method is used to calculate the induced electric current flow around cracks in thin conducting plates. A low frequency approximation leads to a Poisson equation for the current density potential or stream function. A kernel is used which produces the correct singularity at the crack tip. The boundary condition on the crack, derived from Faraday's law, requires the line integral of the current density around the crack to be zero. Numerical results for induced currents due to a circular induction coilý 
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-are given. These results show that hot spots, due to Joule heating, can occur at the tips of the crack. Comparison of numerical results with infrared scanning experiments of eddy currents in a cracked plate are given. It is hoped that the numerical method presented here will provide a tool to simulate both new and conventional nondestructive eddy current testing techniques.
INTRODUCTION
Induced electric currents are generated in conductors by time varying magnetic fields. When the source of the field is outside the body, the induced currents must flow in closed paths, hence the designation "eddy currents". In most problems eddy currents are unwanted since they are a source of heat and energy loss and in some applications can cre- Numerical results are given for eddy currents in a center-cracked square plate with the applied field being that due to a circular coil.
Stream lines are given for various positions of the coil relative to the crack.
The induced temperature at any point in the plate is proportional to the square of the density of the induced current at that point. Calculated induced temperature profiles are presented for various coil posi-
tions. An eddy current intensity factor, analogous 6o a stress intensity factor, is defined at a crack tip. Finally, experimental results are presented for an infrared isotherm of induced eddy currents in a cracked aluminum plate.
GOVERNING DIFFERENTIAL EQUATIONS
A thin, flat uniform plate made of a conducting material is shown in Fig. 1 . The plate boundary can be arbitrary, its thickness is h and the conductivity of the plate material is C. The plate has a line crack of length c w 2a present in it. The crack can have arbitrary orientation relative to the outside boundary of the plate.
The coordinate system chosen is shown in Fig, 1 . The x 1 and x 2 axes lie on the mid-surface of the plate, with the xI axis along the crack and x 2 normal to it. The origin of coordinates lies at the certer of the crack in the midsurface of the plate. The x axis is normal 3 to the plate. Also, the unit vectors i, ý and k are oriented along the coordinate axes.
Consider a current density J, which is induced in the plate by an oscillatory magnetic field B0 outside the plate. The current distribution is assumed to be uniform across the plate thickness and oscillatory in nature.
The skin depth, which is inversely proportional to the square root of the frequency, is assumed to be large compared to the plate thickness. Under these assumptions no bending occurs in the plate.
According to Ohm's law
where E is the electric field (the Hall effect or magnetoresistive terms are neglected in Ohm's law).
For low frequency currents, the continuity condition is
where 7 is the gradient operator in two dimensions. Thus, a stream function (or electric potential) *(xlX 2 ) can be defined such that
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Using Faraday's law of induction
with B the total magnetic field inside the plate and t time, the
at t 3 3
In the above, B1 is the self magnetic field inside the plato due to the current J. In general, this field can be obtained from the BiotSavart law as an integral, over the plate, of a kernel times the stream function p. Equation (5) the work of Schneider and Salon is analogous to plane strain problems in mechanics, while the present paper addresses conductors in the shape of thin plates. This is analogous to plane stress.
The current must be tangential to the boundary of the plate at a point on it. Thus, for a point on either the crack boundary aC1 or on the outside boundary aC 2 ( Fig. 1 )
where n is an unit normal to the boundary at a point on it and s is the distance measured along a boundary in the anticlockwise sense. Thus, if * is a constant a 1 on BC 1 and another constant a 2 on 9C 2 , equation (7) is satisfied. One of these constants can be set to zero without loss of generality and the other one is determined by the auxillary condition SJ.tds
where t is an unit tangent to ;C1 at a point on it. Physically, this equation implies that the net flux following through the crack is zero.
The boundary conditions on *, in this formulation, are therefore * 0 on the crack boundary 9C
* 0 on the outside boundary 9C 2 (10) do~ ds 0
9C1 "' a well posed problem.
It should be noted that this formulation assumes that no current flows across the crack or crack tip. This formulation leads to a current density singularity at the crack tip, as does analogous formulations
for the stress at a crack tip. Physically we suspect that there is a finite Pesistance or current leakage across the crack tip which would relieve the singularity in actual conductors. However this is not considered in this paper. Instead we will characterize the current at the crack tip by a current density intensity factor analogous to that in fracture mechanics.
BOUNDARY ELEMNT FORMULATION Integral equations
An integral equation formulation for Poisson's equation (6) can be written as ( Fig. 1 )
This is a single layer potential formulation where 0, a source strength function on the outside boundary, must be determined from the boundary condition on it (equation 10). The points p (or P) and q (or Q) are source and field points, respectively, with capital letters denoting points on the boundary of the body and lower case letters denoting points inside the body. The area of the body B is denoted by A. Here rpq is the distance between a source point p and a field point q, Be denotes the real part of the complex argument and z and z are the source and field points, respectively, in complex notation.
In this problem, however, the kernel must be chosen such that it vanishes on the crack boundary 3C 1 . This is achieved by augmenting * with a second piece * which equals the negative of * when the source point z lies on aC 1 (Fig. 1) . Furthermore, The remaining bouidary condition (10) on the outside surface is satisfied by using a differenuiated version of (12) and taking the limit as p inside B approaches a point P on ýC 2 . Defining
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H. Re(-). Im(4~.± where ni are the components of the unit outward normal to aC 2 at some point on it, the boundary conditon (10) becomes
Equation (17) is valid for a point P on aC 2 where it is locally smooth.
It can be shown that in this case there is no extra term due to a residue from the limiting process. The boundary integral must be interpreted in the sense of a Cauchy principal value.
The current componenets Jl and J at a point p inside the body are obtained from equations like (12) with the kernel K replaced by H 1 (p,Q) and H 2 (p,Q) respectively. As p approaches a point on aC2
it can be shown that
where p is infinitesimally close to P , @C 2 is locally smooth at P and t (P ) are the components of the unit anticlockwise tangent vector to BC at P . Thus, the residue is zero for the normal component and equals G(P)/2 for the tangential component of the current, as a point approaches the outer boundary.
The actual current components, of course, remain continuous as a point approaches the boundary.
Discretization of eguations and solution strateav
The outer boundary of the body, 9C 2 , is divided into A2 straight boundary elements using Nb (Nb a N 2 ) boundary nodes and the interior of the body, A, is divided into ni triangular internal elements.
A discretized version of equation (17) is
where P ia che point P where it coincides with a node M at a center of a boundary segment on ac 2 and 4s and &Ai are boundary and internal elements respectively.
A simple numerical scheme is used in which the source strengths In fact, the location of an internal source point, in equation (12), can be arbitrary. In any case, for singular integrands, the order of the singularity is l/r, r being the distance between the source and field points.
The area element, however, is rdedr (in polar coordinates). This form of dA is used to change the integrand into a regular function, and then the integral is evaluated appropriately by Gaussian quadrature.
Substitution of the piecewise uniform source strengths into equation (18) and carrying out of the necessary integrations leads to an algebraic system of the type
The coefficients of the matrix [A] contain boundary integrals of the kernel. The vector (d) contains contributions from the area integrals and the vector (G} the unknown source strengths at the boundary nodes.
The dimension of (G) depends only on the number of boundery elements on 9C 2 and the internal discretization is necessary only for the evaluation of integrals with known integrands.
Equation (12) (19) are first evaluated by using the appropriate expressions for the kernels and the prescribed function f in equation (6) .
Equation (9) is solved for the vector {G}. This value of (G} is now used in a discretized version of equation (12) to obtain the values of the -stream function ' at any point p. Finally, the current Neetor at any point is obtained from equations analogous to (12) .
NUMERICAL RESULTS
Field Due to a Circular Induction Coil. A center-cracked square plate with a circular induction coil placed above it is shown in Fig. 2 . Hi.. A typical boundary element mesh for the problem is shown in Fig. 3 . The boundary integral algorithm was also applied to a plate with a notch cut instead of a crack. The results were compared with an analysis using a finite element method, [101, and the agreement was very good.
.~ -. and this leads to a hot spot at the crack tip. This is shown in Fig. 7 which shows lines of constant induced temperature. The contour lines go off scale as one approaches the crack tip. The behavior of the singularity at the crack tip is discussed later in the subsection entitled 'Eddy Current Intensity Factor'.
Finally, the stream lines for a smaller coil (of diameter equal to half the crack length) centered at (2,0,1) are shown in Fig. 8 .
Temperature Scans. A matter of considerable interest in this approach to nondestructive testing is the existence of hot spots due to the presence of a crack. Figure 9 shows calculated temperature profiles along a line slightly above the crack (x 2 0.05) Por different coil positions (^ o 0,1,2 and 6). The coil radius here is four (equal to the crack length).
Hot spots are seen near the crack tips. The strongest hot spots arise when an edge of the ctil is near a crack tip. These temperatures are much higher than other moderate hot spots elsewhere in the plate. A discussion of experimental results is given in the next section.
.. method is not useful for detection of cracks and that the temperature scan approach appears to be much more promising for nondestructive testing in this case.
Eddy Current Intensity Factor. It is well known from elastic fracture mechanics that stress components exhibit a square root singlAexi'y near a crack tip. It is therefore expected that the components of the current vector, in this problem, should display similar behavior near a crack tip.
A2
This, in fact, is the case, as shown in Fig. 11 where J is plotted as a function of r, the distance from the right crack tip. The plot is for the coil center at (1,0,1). The eddy current density squared is seen to be inversely proportional to the distance r.
An eddy current intensity factor M• 1 I, analogous to the stress intensity factor for Mode I11, is defined here as A plot of M 1 I. 1 at the two crack tips, as functions of coil position, is shown in Fig. 12 .
The eddy current intensity factor is seen to peak when an edge of the coil is near a crack tip.
Computing Times. All the computing reported in this paper was carried out on an IBM 370/168 computer at Cornell University. A typical computing time for stream lines in a cracked plate for a fixed coil position (eg. Fig. 8 ) was i00 c.p.u. seconds.
Infrared Experiments
Conventional eddy current nondestructive techniques use a small induction coil and search coils to induce eddy currents near taie surface of solids and to measure to back emf generated by these currents (12] . To detct a flow or crack, the coils must be moved over the surface near the flow in order to measure a change in voltage in the search coil. Recently a new method has been proposed using infrared scanning technology [10] . This method is based on the fact that eddy currents create heat and that this small temperature change can be detected using an infrared sensitive device.
In the present experiments an aluminum plate 15 cm x 30 cm, 0.51 mm thick, had a crack placed in its center, parallel to the 15 cm width. The crack was created by scoring a line in the aluminum with a sharp edge and flexing the plate until fatigue produced a thorough crack in the plate.
The length of the crack was 6 cm. One tip of the crack was 3 cm from one edge of the plate and the other was 6 cm from the other edge.
The induction coil was wound from 10 turns of copper wire on a 5.1 cm coil form so that the mean diameter of the coil was about 5.7 cm, slightiv ismi, 11r than the crack length. The width of the coil was 1.3 cm and the coil face was placed 6.4 mm from the plane of the cracked plate.
Pulsed electric currents of the order of 9.3 KA peak current and 3.2 msec. duration were used with a rise time to peak of about 0.7 msec. The sensitivity of the infrared system was 0.1 -0.20 0 . If an infrared scan is made of the plate immediately after the firing of the current pulse, heat conduction may be neglected, and the measured rise in temperature is proportional to the integral of J2 over time.
(See e.g. [i01.)
The infrared system used for these experiments is a UTI Corp. Spectrotherm infrared scanning system. Radiation from different points in 1*
